Abstract. We prove that Fano 5-folds with nef tangent bundles are rational homogeneous manifolds.
Introduction
In 1979, S. Mori proved that projective manifolds with ample tangent bundles are projective spaces [23] . Since then, several authors have considered how to generalize Mori's result to the case where manifolds in question satisfy weaker positivity conditions. For example, N. Mok proved that all compact Kähler manifolds of semipositive holomorphic bisectional curvature areétale quotients of symmetric spaces [21] .
A natural algebraic counterpart of Mok's result is the following:
Conjecture 0.1 (Campana-Peternell Conjecture [5] ). A Fano manifold X with nef tangent bundle is a rational homogeneous manifold.
Indeed, a compact Kähler manifold with nef tangent bundle is decomposed into a "Fano part" and a "complex torus part" after taking anétale cover by the following theorem of J.-P. Demailly, T. Peternell and M. Schneider [10] :
Theorem ([10, Theorem 3.14]). Any compact Kähler manifold X with nef tangent bundle admits anétale cover X → X with following properties:
(1) The Albanese map α : X → A( X) is a smooth fibration. Conjecture 0.1 is known to be true when dim X is at most four [5, 6, 22, 12] and when X is a 5-fold with Picard number two or more [30] . For further results about the Campana-Peternell conjecture, we refer the reader to the survey article [26] .
For brevity, we call a Fano manifold with nef tangent bundle a CP manifold. In this paper, we study mainly CP manifolds with Picard number one. Given such a manifold X of dimension n, the pseudoindex i X is defined as the minimum anticanonical degree of rational curves on X (see Definition 1.2 below). Assume n ≥ 2. Then it is known that 3 ≤ i X ≤ n + 1 (see e.g. [30, Theorem 5.1] ). Furthermore, by the results of Cho-Miyaoka-ShepherdBarron and Miyaoka, the pseudoindex i X is n + 1 (resp. n) if and only if X is P n (resp. Q n ) [8, 20] . On the other hand, the smallest pseudoindex case is treated by J.-M. Hwang and N. Mok; X with pseudoindex three is isomorphic to either P 2 , Q 3 or K(G 2 ), where K(G 2 ) is the 5-dimensional contact homogeneous manifold of type G 2 [22, 12] (see also [24, 31] ). Hence, if n = 5, X is homogeneous or the pseudoindex i X is four. In this paper, we study the remaining case i X = 4. Note that there is no rational homogeneous 5-fold with Picard number one and pseudoindex four [30, Remark 5.3] . Hence, we shall show that there is no CP 5-fold with Picard number one and pseudoindex four, which will complete the proof of Theorem 0.2.
We sketch the outline of this paper. In Section 1, we review basic results concerning families of minimal rational curves. Given a CP manifold X with Picard number one, an irreducible component V of the scheme parametrizing rational curves on X is called a minimal rational component if it parametrizes rational curves of minimum anticanonical degree. Given a minimal rational component V , there exists the following diagram consisting of the two natural projections
where π : U → V is the universal family of rational curves and e : U → X is the evaluation morphism. Since the tangent bundle is nef, the evaluation morphism e is a smooth morphism [18, Corollary In Sections 2 and 3, we study the structure of (U, X, V ; e, π) above when X has pseudoindex four. In this case, the evaluation morphism e is of relative dimension two. By virtue of a result of K. Oguiso and E. Viehweg [28] , We can apply a similar argument as in the proof of [22, Lemma 1.2.2] and find an extremal ray of NE(U/X) (see Lemma 3.5) . Then, by carefully looking at the associated extremal contraction, we prove the following theorem (see Theorem 3.3 for a precise statement).
Theorem 0.3. Let X be a CP manifold with Picard number one and pseudoindex four. Then the evaluation morphism of minimal rational curves is one of the following:
(1) a smooth P 2 -fibration.
(2) a composite of two smooth P 1 -fibrations.
This theorem asserts that the evaluation morphism associated with a CP manifold X looks like the one associated with a rational homogeneous manifold. Finally, in Section 4, we complete the proof of Theorem 0.2. Recently, the following strategy to study the Campana-Peternell conjecture was proposed in [25] (see also [26, Section 6] ):
(1) Prove that the CP manifolds with "maximal" Picard number are complete flag manifolds;
(2) Prove that any CP manifold is dominated by a CP manifold with "maximal" Picard number. The step (1) was proved by G. Occhetta, L. E. Solá Conde, K. Watanabe, and J. A. Wiśniewski [27] . Following the above strategy, we can also show that Conjecture 0.1 is true for CP manifolds with Picard number one and pseudoindex four for which the evaluation morphism e : U → X is a smooth P 2 -fibration (see Proposition 4.1).
In the forthcoming paper, we generalize the result of this paper and prove that CP n-folds with Picard number ρ ≥ n − 4 are rational homogeneous manifolds. The same result in the case where ρ ≥ n − 3 is independently obtained by K. Watanabe.
Convention 0.4. In this paper, we work over the field of complex numbers. A morphism f : X → Y is called a P r -bundle if it is isomorphic to the projectivization of a vector bundle of rank r + 1. On the other hand, a morphism f : X → Y is called a smooth P r -fibration if it is smooth and every fiber is isomorphic to P r . We will denote by O(a
Preliminaries
In this section, we review some results concerning rational curves on Fano manifolds with nef tangent bundles. Our basic references are [15] and [26] .
First, for brevity, we define:
A manifold X is said to be a CP manifold if X is a Fano manifold with nef tangent bundle.
We briefly recall the known results about the Campana-Peternell conjecture in dimension five. Definition 1.2. Let X be a Fano manifold with Picard number one. We define the pseudoindex i X as follows:
It is known that for a CP n-fold (n ≥ 2) with Picard number one the pseudoindex of X satisfies 3 ≤ i X ≤ n + 1 (see e.g. [30, Theorem 5.1] ). Furthermore the following holds:
( (1) X is a rational homogeneous manifold.
(2) ρ X = 1 and i X = 4.
Families of Rational Curves on CP manifolds. Let X be a CP manifold of dimension n. We will denote by Hom(P 1 , X) the scheme which parametrizes morphisms from P 1 to X and by ev :
As the normalized quotient of Hom(P 1 , X) under the action of Aut(P 1 ), we construct RatCurves n (X), the scheme parametrizing rational curves on X (see [15, Remark 1.7. The connectedness of the fibers of the evaluation morphism e follows from the (algebraically) simply connectedness of X.
Manifolds which admit two smooth P 1 -fibrations
In this section, we study projective manifolds which admit two smooth P 1 -fibrations, based on results [24, Theorem 6.5], [25, Theorem 5] and [31] , where such manifolds with Picard number two are classified. The result of this section will be repeatedly used later.
Let U be a smooth projective variety which admits two fibrations over smooth projective varieties W and S:
where π is a smooth P 1 -fibration and e does not contract any π-fiber. In particular, the images of π-fibers generate a half-line R S ⊂ NE(W ). It is natural to ask: Question 2.1. Is R S an extremal ray of W ?
For a more general question, we refer the reader to [4] . Here, we give a partial answer to this question: Theorem 2.2. Assume moreover that the morphism e is a smooth P 1 -fibration. Then R S is an extremal ray of W . Furthermore, the contraction of R S is a smooth morphism. Remark 2.3. As a consequence, there exists the following diagram
where f is the contraction of the ray R S . Then every fiber of f • e = g • π is a Fano manifold with Picard number two which admits two smooth P 1 -fibrations. Such varieties are complete flag manifolds by [25, Theorem 5] or [27] . In particular, all f -fibers are the same and isomorphic to P 1 , P 2 , P 3 ,
Proof of Theorem 2.2. We prove first that R S is an extremal ray, by showing that the S-rationally connected quotient W Z is a morphism. Then we prove that the contraction of R S is smooth, following the proof of [29, Theorem 4.4] (see also [10, Theorem 5.2] ). We refer the reader to [9, Chapter 5] and [15, Chapter IV] for accounts of rationally connected quotients.
Set up of the notation. Let n be the dimension of W . Given a point x ∈ W , we define:
Namely, V m (x) is the set of points of W that can be connected to x by a S-chain of length m. Furthermore, set V (x) := V n (x), that is, the set of points of W that can be connected to x by a S-chain (see [17, Step 2 of the Proof of the Theorem] or [9, First Step of the Proof of Proposition 5
Similarly, for the morphisms E and Π as in the diagram below,
we define:
Namely, V m (resp. V ) is the family of V m (x) (resp. V (x)) over W via the second projection pr 2 . Let d S be the dimension of general S-equivalence classes, that is, the relative dimension of pr 2 : V → W .
Step 1. A lemma on the sequence
Lemma 2.4. Let the notation be as above. Then:
Proof of Lemma 2.4.
(1) Assume that π| e −1 (Vm(x)) is of fiber type. Then, since π is of relative dimension 1,
On the other hand, if π| e −1 (Vm(x)) is not of fiber type, then we have
(2) This is clear from (1) .
that is, e| π −1 (π(e −1 (Vm(x)))) is of fiber type.
On the other hand, assume that V m+1 (x) = V m (x) and the restriction of e|π −1 (π(e −1 (V m (x)))) is of fiber type. Then, by (2),
Hence dim V m+1 (x) = dim V m (x) + 1. In this case, we have
and hence V m+2 (x) = V m+1 (x). (4) Since relative dimensions of e and π are 1,
, and hence we have
is of fiber type by (3) . Hence e −1 (V m (x)) = π −1 (π(e −1 (V m−1 (x)))). Therefore V m+1 (x) = V m (x) (5) This is clear from (3) and (4).
Fix a general point x ∈ W and m S := m(x), then dim V (x) = d S and the restriction of Π to E −1 (V m S ) is of fiber type.
Step 2. In this step, we prove that m(y) = m S for every y ∈ W . Since the restriction of Π to E −1 (V m S ) is of fiber type, the restriction of π to e −1 (V m S (y)) is of fiber type for every y ∈ W . Hence m(y) ≤ m S by Lemma 2.4 (1). On the other hand, by semicontinuity, dim V (y) ≥ d S for every y ∈ Y . It follows that m(y) ≥ m S by Lemma 2.4 (5). Hence m(y) = m S .
Step 3. We prove that d(y) = d S for every y ∈ W . First, assume that
Next, assume that d S is odd. By Lemma 2.4 (3), the restriction of E to Π −1 (Π(E −1 (V m S −1 ))) is of fiber type. Hence the restriction of e to π −1 (π(e −1 (V m S −1 )(y))) is of fiber type for every y ∈ W . This implies that dim V m S (y) = dim V m S −1 (y) + 1 by Lemma 2.4 (3). Hence d(y) = d S by Lemma 2.4 (5).
Step 4. The contraction of R S . By Step 3, we have a morphism f : W → Chow(W ) such that pr 2 : V → W is the pullback of the universal family by f [15, I. Theorem 3.17 and Theorem 3.21]. We will denote by Z the normalization of im f . Then we have the S-rationally connected quotient morphism f : W → Z. Hence R S is an extremal ray and f is the contraction of R S (see also [4, Proposition 1]).
Step 5. Smoothness of the contraction. By rigidity lemma, we have the
By symmetry, g is the W -rationally connected quotient morphism of S. Now, f and g are equidimensional Mori contractions with irreducible fibers. Furthermore, e * T W (resp. π * T W ) is π-nef (resp. e-nef). A similar argument as in the proof of [29, Lemma 4.12] shows that every f -fiber with its reduced structure is a Fano manifold with trivial normal bundle (see below). Hence the contraction of R S is smooth by [29, Lemma 4.13].
We give an outline of a proof of the fact that every f -fiber with its reduced structure is a Fano manifold with trivial normal bundle.
General fibers of h := f • e are complete flag manifolds whose Picard numbers are two by [25, Theorem 5] or [27] . We may assume that the relative dimension of f is one or that f is corresponding to the long root i.e. −K W .(π-fiber) = 3. Fix an arbitrary point z ∈ Z and let W z (resp. S z ) be the f -fiber (resp. g-fiber) over z. By the same argument as in the proof of [29, Lemma 4.12], we see that W z,red and S z,red are smooth and the normal bundle N W z,red /W (resp. N S z,red /S ) is trivial over any π-fiber (resp. e-fiber). Hence we may assume that the relative dimension of f is greater than one. In this case W z,red is corresponding to the long root and S z,red is the unsplit family of lines on W z,red . Indeed, c 1 (N W z,red /W ) is trivial and, by adjunction,
Families of minimal rational curves
Let X be a CP manifold with Picard number one and pseudoindex four, and let (U, X, V ; e, π) be as in Notation 1.5. In this section, we study the structure of (U, X, V ; e, π). First, we prove a proposition and a lemma (Proposition 3.1 and Lemma 3.2). Proof. Since F is a Fano manifold, F is rationally connected by [16] . Furthermore, by [11] , Z is rationally connected. Hence
Since S is simply connected, the monodromy action is trivial. Hence
is surjective by Deligne's invariant cycle theorem. Therefore,
On the other hand, dim N 1 (F, Z) = ρ(Z) − ρ(S) by [7, Lemma 3.3] .
Lemma 3.2. Let X be a CP manifold with Picard number one and pseudoindex four, e : U → X the evaluation morphism of minimal rational curves and F an arbitrary e-fiber. Then the following hold:
Proof. The first and second assertions are consequences of Deligne's invariant cycle theorem.
Hence the assertion follows.
The main result of this section is the following: For the proof, we use the following result due to K. Oguiso and E. Viehweg. If K U is e-nef, then every e-fiber is a minimal surface of non-negative Kodaira dimension. Hence, for every rational curve C ⊂ X, e is isotrivial over C by Theorem 3.4. Let C be a rational curve parametrized by V , then U × X C is an isotrivial family of minimal surfaces. Furthermore, there exists a section s : C → U × X C corresponding to [C] ∈ V , which is contracted by π : U × X C → V . Hence the image π(U × X C) is two dimensional and π(e −1 (x)) is independent of x ∈ C. Moreover, since ρ(X) = 1, X is Vrationally connected by [17, Lemma 3] . Hence dim V = 2. This contradicts Proposition 1.6 (1). Hence K U is not e-nef. The last assertion follows from the cone theorem. Subcase 2.1. φ is a birational morphism. In this case, by [1] , W ′ is a smooth projective variety and φ is a blow-up of a smooth codimension two subvariety Z ⊂ W ′ . We will denote by E the exceptional divisor. We prove that every e-fiber is isomorphic to F 1 and the case (2) of Theorem 3.3 occurs.
Step 1. ψ Z : Z → X is finite and hence surjective. Otherwise, there would exist a curve D ⊂ Z contracted by ψ. Then e −1 (ψ(D)) = φ −1 (D) by the dimensional reason. Hence ψ −1 (ψ(D)) = D, contradicting the fact that ψ is of relative dimension two.
Step 2. ψ Z : Z → X is an isomorphism. Indeed, ψ Z : Z → X is generically one-to-one by Lemma 3.2 (3).
Step 3. We prove that π E : E → V is surjective. Otherwise, π E : E → V is a contraction of fiber type. Since π is a smooth P 1 -fibration, π E : E → π(E) is a smooth P 1 -fibration and π(E) is smooth. In [31], such varieties are completely classified, and we have Z ≃ P 3 since i X = i Z = 4. However, the universal family of lines on P 3 is a P 2 -bundle. This contradicts the fact that φ is a birational morphism.
Step 4. We have N 1 (E) ≃ N 1 (V ) and NE(E) ≃ NE(V ) by (π E ) * . Indeed, ρ V = 2 since π E : E → V is surjective and ρ V ≥ 2.
Step 5. Contraction of V . By Step 4, the ray corresponding to the contraction φ E defines a ray R ′ of NE(V ) and we have the following diagram
where α is the contraction of the ray R ′ .
Step 6. We have dim M = n. Indeed, β Z : Z → M is a finite surjective morphism since it is surjective and ρ Z = ρ M = 1.
Step 7. In this step, we prove that every fiber of e is isomorphic to F 1 and ψ is a smooth P 2 -fibration by a similar argument as in the proof of Lemma 3.5. If K ′ W is ψ-nef, then ψ is isotrivial on every rational curve on X by Theorem 3.4. Hence dim M = 2. This contradicts Step 6. Therefore ψ is an elementary Mori contraction, and hence every fiber of ψ is isomorphic to P 2 by Proposition 3.1.
Step 8. Conclusions. By Step 7, e is a Mori contraction. Hence we get another factorization e : U f − → W g − → X. The same argument as in Subcase 2.2 below shows that f and g are smooth P 1 -fibrations. Subcase 2.2. f is a fiber type contraction. In this case, by [1] , f is a flat conic bundle, W ′ is a smooth variety and each fiber F of f is one of the following:
(1) F ≃ P 1 and −K U .F = 2.
(2) F ≃ C 1 ∪ C 2 and −K U .C i = 1, where C 1 and C 2 are smooth rational curves.
. Set f := φ, g := ψ and W := W ′ . We prove that the case (2) of Theorem 3.3 occurs.
Step 1. If there is a fiber of type (2), then C 1 ≡ num C 2 in N 1 (U ) by Lemma 3.2 (3) . This contradicts the fact that f is an elementary contraction. Furthermore, for a (−1)-curve C in a fiber, N C/U ≃ O(−1, 0 n ). Hence there is no fiber of type (3) . Therefore, f is a smooth P 1 -fibration.
Step 2. In this step, we prove that g is a smooth P 1 -fibration by a similar argument as in the proof of Lemma 3.5. By Step 1, g is a smooth fibration of relative dimension one. On the other hand, by Step 1 and Theorem 2.2, there exists the V (resp. W )-rationally connected quotient morphism q :
Assume that the genus of g-fibers are positive, then g is isotrivial on any rational curve on X. Hence dim Y = 1 and the relative dimension of q is n. Therefore, the restriction g| q-fiber is finite and surjective onto X. Note that any q-fiber is rational homogeneous manifold as in Remark 2.3 and that i X = 4. Hence, by [13] or [19] , we have X ≃ P 3 . This gives a contradiction. Hence g is a smooth P 1 -fibration, completing the proof.
Proof of Theorem 0.2
First, we prove the proposition below, following the strategy of [25] .
Proposition 4.1. Let X be a CP manifold with Picard number one and pseudoindex four. Assume that the evaluation morphism e is a smooth P 2 -fibration. Then X is a rational homogeneous manifold. In particular, X is isomorphic to P 3 or the Lagrangian Grassmannian LG(3, 6).
Remark 4.2. In this proposition, we do not assume that X has dimension five. Note that dim LG(3, 6) = 6.
Proof of Proposition 4.1. Fix an arbitrary π-fiber C.
Proof of Claim. Consider the base change of e over C:
V. Then there exists a natural section s : C → U C corresponding to C ⊂ U . Since e is a P 2 -fibration, there exists a rank 3 vector bundle F ≃ O(a, b, c) on C such that P(F ) ≃ U C . Furthermore, there exists a quotient F → L ≃ O(ℓ) corresponding to the section s. We may assume that a ≥ b ≥ c and F is normalized i.e. c 1 (F ) = 0, 1 or 2. We will denote by ξ the tautological divisor on P(F ).
Since π| U C contracts section s(C), we have L ≃ O(c). Furthermore, a ≥ b > c. Indeed, π| U C contracts only curves.
Since K U .C = −2 and K X .e(C) = −4, we have K e .C = 2. It follows that 0 = 3c + 2 − c 1 (F ) since −K e ≃ 3ξ + e * C (−c 1 (F )) on U C . Therefore, c 1 (F ) = 2 and c = 0. This implies that F ≃ O(1 2 , 0). Set M := P(T e ), and we denote by p the projection M → U . Then every fiber of e • p is isomorphic to P(T P 2 ). Note that P(T P 2 ) is a CP manifold. Hence, by [29, Theorem 4.4] , there exists a smooth P 1 -fibration q : M → N which is different from p : M → U , and we have the following diagram:
, every fiber of π • p is isomorphic to P 1 × P 1 which is a CP manifold. Hence, there exists a third smooth P 1 -fibration r : M → L which is different from p and q:
− −−− → X. Furthermore, by Theorem 2.2 for q and r, there exists the quotient
and M → Q is a contraction of a 2-dimensional face of NE(M ). This implies that M is a Fano manifold whose elementary contractions are smooth P 1 -fibrations (because ρ M = 3). Hence M is a rational homogeneous manifold by [27] , and so is X.
Lemma 4.3. If the evaluation morphism e is as in Theorem 3.3 (2), then
for any π-fiber C.
Proof. Since −K e .C = −2, it is enough to see that (i) −K f .C < 0 and (ii) −K g .f (C) < 0. We apply a similar argument as in the proof of Lemma 3.5.
(i) The surface U × W C is isomorphic to F m and there exists a section C ′ over C corresponding to C ⊂ U . Since V is a family of rational curves, π : U × W C → π(U × W C) is generically finite. Hence we have m = 0 and C ′ is the negative section of this Hirzebruch surface.
(ii) Consider the Hirzebruch surface W × X C. First, we prove that q : W × X C → q(W × X C) is generically finite for some C (cf. Step 2 of Subcase 2.2 in the proof of Theorem 3.3). Otherwise, dim Y = 1 and the relative dimension of q is n. Therefore, the restriction g| q-fiber is finite and surjective onto X. Any q-fiber is a rational homogeneous manifold as in Remark 2.3 and i X = 4. Hence, by [13] or [19] , we have X ≃ P 3 . However, the evaluation morphism of lines on P 3 is a smooth P 2 -fibration. This contradicts our assumption.
Hence q : W × X C → Y is generically finite for some C. Furthermore π-fiber C defines a section of the projection W × X C → C which is contracted by q. Hence the assertion follows.
Proof of Theorem 0.2. By Theorem 1.3, we may assume that X has Picard number one and pseudoindex four. Furthermore, by Proposition 4.1, there is no CP 5-fold as in Theorem 3.3 (1) . Hence, we may assume that the evaluation morphism of minimal rational curves is as in Theorem 3.3 (2) .
In this case, by Lemma 4.3, we have −K f .(π-fiber) = −1. Hence the morphism q is a smooth morphism of relative dimension 2, 3 or 5, and fibers are P 2 , Q 3 or K(G 2 ) by Remark 2.3.
First, assume that q is a smooth morphism of relative dimension 2. Then q is a smooth P 2 -fibration. Since W admits two smooth P r -fibrations g and q, we have: Proof. Since g is a smooth P 1 -fibration over X, there exists a vector bundle G of rank 3 over X which have the following properties:
(1) W ⊂ P(G ) and W ∈ |2η|, where η is the tautological divisor on P(G ).
Then, by adjunction, −K g = η W . Moreover η 3 ≡ num −g * (c 2 (G )).η by the definition of Chern classes.
Let H be the pullback of the ample generator of Pic(X) by g, and let τ be the slope of g, that is, the real number τ which satisfies −K g + τ H is nef but not ample (cf. [24] ). By definition, η W + τ H (= −K g + τ H) is a pullback of a R-divisor on Y . Hence Hence τ = 0, completing the proof.
